1. Let G be a locally compact separable topological group with a twosided invariant Haar-measure.
Let ?a(G) be the space of equivalence classes of complex valued Haar-Lebesgue measurable functions /(g) which satisfy Jo\f(g) | "dg< oo, where dg refers to the Haar-measure on G. Then the following is known [2; 3; 10; 12]: There exists a measure space Y, for each yG Fa Hilbert space or finite-dimensional vector space 77" over the complex numbers, and a weakly closed self-adjoint algebra W(y) of bounded operators on 77" such that W(y) is for every y a factor of type I or II in the sense of [6] . For every yGG let the unitary operator P(7) on ?2(G) be defined by (l• l) [R(y)f](g) = f(gy) for/ G UG).
Let W denote the weakly closed self-adjoint algebra of bounded operators on 82(G) generated by the operators R(g) and denote by Z the center of W. Then 22(G) is the direct integral of the spaces 77,, in the sense of [10 ] to which the center Z "belongs" in the sense of [10] (compare also [2; 3; 12] of G by unitary operators V(g, y) of the space 77" such that the operators V(g, y) generate for fixed y and g varying over all of G the algebra W(y). direct integral (1.2) . This leads to the following more general definition of the generalized Fourier-transform (cf. also [12] in this connection). Let/(g) be any function £82(G) and assume for the moment f(g) =/(g-1). It follows from [0] and [12] that/(g) determines a hypermaximal self-adjoint operator F acting (by means of convolution by /(g) on a certain dense subspace of ?2(G)). To this F we apply §4 of [3] and obtain an opera tor-valued function F(y) such that F(y) is for almost every y a hypermaximal self-adjoint operator on 77". If/(g) is arbitrary
E2t(G) we can write/(g) =a(g)+ib(g) where a(g)=d(g-1) and b(g)=h(g~1). It is clear that the operator F defined by means of convolution by /(g) still has a domain of definition which is dense in 82(G) and that this domain contains 2x(G)C\22(G). Since the adjoint F* of F is easily seen to be an extension of the operator defined by convolution by /(g-1)> it follows that the domain of F* also contains £i(G)P\82(G). Hence the operators (F+F*)/2 and (F-F*)/2i are defined on a dense subspace of ?2(G). And the hypermaximal self-adjoint operators A, B which correspond to a(g), 6(g), respectively, are seen to be extensions of (F-\-F*)/2, (F-F*)/2i respectively. Thus they have domains whose intersection is still a dense linear subspace of ?2(G), since it also contains £i(G)P\£2(G). Similarly it now follows from this that the intersection of the domains of the self-adjoint operators A(y) and B(y) is dense in 77" for almost every y. Put F(y)=A(y)+iB(y). Then F(y) is a densely defined operator on H" for almost every y. We take this as the definition of the generalized Fourier-transform F(y) defined now for any/(g)GS2(G).
(1.5) Tf = F(y) = A(y) + iB(y).
Thus the generalized Fourier-transformation X is now defined for all/£S2(G) and coincides with (1.4) for almost all y, if /€E£iP\£2. And Xf is a linear combination of two hypermaximal self-adjoint opera tor-valued functions A(y) and B(y) which have a dense common domain for almost every y.
On the algebra W(y) there exists a relative trace which we denote by ty; thus ty is for fixed yE Y a complex-valued linear functional defined on a certain linear subset of W(y) and' satisfying the formal properties of the trace of a matrix; (compare Chapter I of [8] , especially Theorem I). The relative trace ty is unique up to constant multiples. We take a fixed normalization of ty for each y; then the measure on Y can be taken to be such that the following generalized Peter-Weyl-Plancherel formula [2; 3; 12] holds:
f°r /y(g)G82(G), with Fj(y) defined by (1.5); here * denotes the adjoint of an operator and dy refers to the above measure on Y suitably normalized.
If both fx(g) and f2(g) are such that Fx = ffx(g)R(g)dg and F2=ff2(g)R(g)dg are bounded operators on 22(G), then Fj(y) is a bounded operator on Hv for
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use almost every y. And it is part of the assertion of the generalized Plancherel formula that tv[Fi(y)F2(y)*] has meaning for almost every y. If/i(g) and /2(g) are arbitrary elements of 82(G), then Fj(y) as defined by (1.5) need not be a bounded operator for any y. But one can then find elements fnj(g) of 82(G) which converge to /y(g) such that Fnj(y) is a bounded operator for each n,j, and y and such that lim" tv[Fn,j(y)Fn,2(y)*] exists for almost every y. One way of defining tv[Fi(y)F2(y)*] for such Py(y) is to put it equal to this limit and to observe that this definition is independent of the particular approximating sequence chosen. Then (1.6) holds for all /y(g)G82(G) (cf.
[3; 8; 12] ).
Given for the moment an arbitrary direct integral of Hilbert-spaces 77" (not necessarily the central decomposition (1.2) above). Relative to it a notion of measurability has been defined in [10] for arbitrary operator-valued functions A (y) defined for all y G Y and such that for each y the value A (y) is a bounded operator on 77". This may be summarized as follows. It is possible to introduce in 77,, a complete orthonormal set 
. defines a measurable operator-valued function F(T, t) of t (for fixed T). Let the subscripts m, n denote matrix coefficients with respect to the above complete orthonormal system (1.7). Then F(T, t)mn is for each fixed pair m, n and fixed set T a complex-valued measurable function of /. And Vt(g)mn is complex-valued continuous in g for every t, m, and n. Taking the integral in (2.4) in the weak sense (which is sufficient for our purpose) we obtain from (2.4)
Now let Ty be a descending sequence of compact open subsets of G which converge to a given group element g. Then we obtain
for every fixed t, m, n, and g; here p(Tj) denotes the Haar-measure of Tj.
Since F(T,; t)mn is measurable in t for every/, m, and n, it follows that Vt(g)mn is measurable in t for every fixed g, m, and n. Hence Vt(g) is a measurable unitary operator-valued function of t for every fixed gGG. Hence we may apply §13 of [10] and obtain for each gGG an operator V(g) acting on 77 which decomposes into Vt(g):
And for any a, 6£77 with a~a(t) and 6~6(<) we have
where on the left the inner product ( , ) is taken in the space 77, on the right in the various spaces 77(. The integrand (Vt(g)a(t), b(t)) is a continuous function of g and of course integrable in t. It follows by a familiar argument that (V(g)a, b) is a measurable function of g for fixed a and 6. Thus V(g) is weakly measurable in g. Replacing in (2.5) g by g'g~l gives V(g'g~l) ~ Vt(g'g~l) = Vt(g') Vt(g~l); but V(g') V(g~1)^Vt(g') V^g'1) for any two elements g and
weakly measurable and hence strongly continuous unitary representation of G.
We can now apply the argument on p. 531 of [3] to Vt(g)mn and conclude that Vt(g)mn is the partial derivative of a product measurable function and thus itself product measurable.
Moreover in accordance with Theorem 1.1 of [3] there exists for each t a subset Nt of G of Haar-measure zero such that g<£Nt implies Vt(g) = U(g, t). It follows that if /(g)£8i(G) then Lemma 3.1. Let P(y) be for each y a projection of Hy which is an element of W(y) such that tv[P(y)] exists for each y, i.e. is finite. If P(y) is a measurable function of y, then ty[P(y)] is a (numerical) measurable function of y.
If moreover fty[P(y)]dy< 00, then there exists a projection P on ?2(G) such that PEJ and P~P(y).
Proof. Since G is unimodular and separable, W(y) is either a factor of License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use type I or II as has been shown in [3] and [12] . It follows that the set N introduced in §21 of [10] can be taken to be the whole space Y. It then follows from §23 and §24 of [10 ] that with a suitable normalization of the relative dimension function dim" on W(y) the expression dim,, [P(y) ] is a numerical measurable function. Moreover our function f"[P(;y)] is then of the form
where a(y) is a positive real-valued function of y, independent of P, and a(y) < oo (cf. §24 of [10] and Lemma 4.2 of [5]). Since the set N of [10] is now the whole measure space Y, §24 of [10] implies that a(y) is measurable on Y. Since P(y) is a projection GW(y) and depends measurably on y, there exists an element P oi W such that P2 = P = P*~P(;y).
It was shown in the course of the argument of §7 of Moreover by §14 of [10] a subsequence of Pn(y) converges to P(y) for almost every y. Replacing the whole sequences Pn, Pn(y) by these subsequences and changing Pn(y) on one set of measure zero, we see that we can take the P"
and Pn(y) such that in addition to the above properties we have Pn(y) t P(y)-Let us now use the assumption that fty[P(y)]dy< oo. Then we note that this limit (3.4) exists because ty[Pn(y)]^ty[P(y)]. Now for fixed y, we know from (3.3) that J"[P(y)] is a positive constant multiple of dim,, [P(y)], hence by the properties of dim" (see [6] ) Pn(y) 1 P(y) implies 2"[Pn On the other hand E?-i ciPiig)=big) is a continuous function on G and corresponds to B in the sense of (3.2). Therefore (3.6) holds. Let E(y) be the projection on the closure of the range of Ao(y). Again [10] implies that E(y) is measurable and E(y)EW(y). Now ^4o(y) has finite rank whenever A (y) has. It follows from the definition of rank that E(y) has finite relative dimensionality for almost all y. Hence tv[E(y) ] < °o for almost all y. Therefore £»[.E(y)] is a measurable function of y, by Lemma 3.1 above. Hence there exist measurable subsets Y' of Y of finite measure, such that *»[A(y)] is bounded on Y'. Since Ao(y) is measurable, [10] implies that its bound |||.4o(y)||| is a complex-valued measurable function. Hence we may take Y' to be such that also |||.4o(y)||| is bounded on it. And it is clear that it is sufficient to prove our lemma for operator-functions A (y) which satisfy A(y) =Ao(y) =E(y) =0" for yEY'-Then we have ftv[E(y)]dy < <». Hence by Lemma 3.1 above there exists an element E2=E* =E of J such that E~E(y). Let Ao be the element of W for which Ao~A0(y). Note that since .4o(y) is measurable and |||^40(y)||| now bounded on F, [10] , and Chapter I of [8] implies that all these traces exist. Since each term on the right is measurable by Lemma 3.2, so is <y[^4(y)]. exists and equals A<j> for all <j> in a certain dense linear subspace of £?2(G) (namely for those <j> for which there is an integer m with Em<p=<p; and these <t> form a dense linear subset of E22(G) because Em T E). But A is a bounded everywhere defined operator on 22(G). Hence it follows by a familiar argument that a *<p exists and equals A<j> whenever <f>EE22(G).
If on the other hand <j> is in the orthogonal complement of E%2(G) in ?2(G), i.e. £<£ = 0, then A<p=AE(p = 0 and Em<p = 0, so that Am<P=AmEm<i> = 0 = am*4>-Hence a*<p exists and equals 0. This completes the proof that if a(g) is the above function E22(G) then the convolution a *<j> exists for every <t>E2t(G) and equals A<p, and hence that AEJ-This completes the proof of Lemma 3.2, because if one applies the definition (1.5) to our function a(g) one sees readily that the operator-valued function A (y) which occurs in the hypothesis of Lemma 3.2 coincides (almost everywhere) with the operatorvalued function Xa of (1.5), since in the present case A is a bounded operator on 82(G). This completes the proof of Lemma 3.3.
Using the above results we are now in a position to prove the following theorem.
Theorem. Let J be defined as at the beginning of this section and X as in §1 (cf. (1.8) and (1.9) ). Then the Fourier-transformation X defined by (1.5) maps / onto a dense linear subset o/36. It follows that X maps 82(G) onto the completion of 36 in the norm (1.8).
Proof. Let Wo(y) be the subset of those elements of W(y) which are normed in the sense of definition 1.4.5 of [8] . Thus Wo(y) is the set of those elements Q of W(y) for which (3.9) tv[QQ*]
can be defined to be finite in a consistent manner. Then 36 is the set of those equivalence classes of measurable operator-valued functions A(y), B(y), • • • with values in the various Wo(y) and with a finite ||2l|| as defined by (1.8) . By Theorem IV of [8] the elements of W(y) which are of finite rank form a dense linear subset Wi(y) of Wo(y) in the norm (3.9). Let 36i be the subset of those elements of 36 for which the function-values are in the various Wi(y) (for almost every y). Then Hi is clearly a linear subspace of 36. We wish to prove that 36i is dense in 36 in the norm (1.8).
Indeed let A(y) £36 and let E(y) be again the projection on the closure of the range of A(y). Then E(y) is measurable as above and there exists an element EGW such that E~E(y).
And as above there exists an ascending sequence En of projections £/ such that En | E and En(y) f E(y) where tends to zero monotonically, so that it may be integrated with respect to y. This proves that 36i is dense in 36. Now consider the set 362 of those elements of 36i for which the numerical function |||.4(y)||| is bounded. By considering suitable ascending sequences of measurable subsets Fn of F and by replacing operator function-values by 0" on the complements of the F" it is easily seen that 362 is dense in 36i in the norm (1.8).
On the other hand Lemma 3.3 shows that the Fourier-transformation X maps a certain linear subset of J onto 362. Hence X maps J onto a dense linear subset of 36. This proves the first assertion of the theorem. Now J is dense in 82(G) and X is an isometric mapping. Hence X maps 22(G) onto the completion of 36. This completes the proof of the theorem. Remark 1. The question whether X is onto was raised by G. W. Mackey in his survey [ll ] .
Remark 2. It now follows that the hypotheses of Lemma 3.3 can be weakened. The assumption that A(y) be of finite rank can be weakened to that A(y) be normed in the sense of [8] . And the condition on the bound 111^(30111 can now De omitted. Remark. In accordance(2) with [0] each/n(g) can even be chosen to be a finite linear combination of self-adjoint idempotents E22(G). ty[V(g, y)F(y)E(y)] = a(y)(V(g, y)f(y), e(y)).
Since g-*V(g, y) is for fixed y a (strongly and hence also weakly) continuous unitary representation of G, the right side of (4.7) is, for fixed y, f(y) and e(y) a continuous function of g. But we have seen at the beginning of this proof that the absolute value of (4.7) is bounded by an integrable function of y which is independent of g, hence (4.5) is a bounded continuous function of g.
Corollary.
If W(y) is of finite type (for almost every y) and if F(y) is an element of W(y) depending measurably on y such that (4.8) ( ty[F(y)F(y)*\mdy < », Jy
